Air density uncertainty is usually evaluated as if its input quantities were uncorrelated and as if the mathematical model was linear. The present work takes the CIPM 81/91 formula as a starting point and proposes arguments in favour or against in order to take into account the correlation components and the higher order terms of the Taylor series expansion in the analysis of air density uncertainty.
Introduction
Air density influences many different areas of measurement, including mass, solid and liquid density, volume, etc. Therefore, it is important to correctly evaluate air density and its associated uncertainty.
The present work shows a process of evaluating the uncertainty associated with calculating the air density.
Development
Air density is not usually measured directly but it is calculated using the experimental measurements of air temperature, atmospheric pressure and dew point temperature or relative humidity.
The values of such environmental conditions are introduced in the CIPM 81/91 formula for air density determination [1, 2] :
where ρ is the air density (kg m 
x v = f (p, T dp ) · p sv (T dp ) p
f = α + βp + γ (T dp − 273.15)
(4)
p sv = 1 Pa · exp AT 2 dp + BT dp + C + D T dp (5) where f is the enhancement factor, p sv is the saturation vapour pressure (Pa), T dp is the dew point temperature (K), exp is the exponential function with base e = 2.718 . . . . The values of the constants are shown in table 1 [2] . For the evaluation of the air density uncertainty, atmospheric pressure, air temperature, dew point temperature [2] . If the concentration of CO 2 in the air were measured, M a could be calculated accurately [1] .
and the fitting error of the formula (uncertainty of the formula) are the sources of uncertainty [3] . This uncertainty of the formula itself derives from the uncertainties of the values of M a , M v , R, and the calculation of Z, x v , f and p sv .
The uncertainty evaluation according to the GUM [4] uses the next formula to include uncorrelated variables when the mathematical model is approximately linear:
where u ρ is the standard uncertainty of air density, c i the sensitivity coefficient due to the uncertainty source i, u(x i ) the standard uncertainty of input quantity i. In this particular example, the sensitivity coefficients are obtained from partial derivation of formula (1) [4] with respect to the input quantity i, because the mathematical model that relates all input quantities to the air density is known:
As the input quantities (T, T dp and p) are related to the air density by intermediate variables (Z, x v , f and p sv ) it is helpful to use the chain rule for calculating the sensitivity coefficients.
Once the sensitivity coefficients and the standard uncertainty of the input quantities are estimated, the standard uncertainty of the air density is evaluated using formula (6) .
An important part of the uncertainty evaluation is the evaluation of degrees of freedom because this value is used to choose the coverage factor of the expanded uncertainty according to the desired level of confidence.
The effective degrees of freedom are obtained from the Welch-Satterthwaite formula [4] :
where ν eff is the degrees of freedom of the uncertainty evaluation of air density and ν i is the degrees of freedom of the uncertainty evaluation of input quantity i. Using the degrees of freedom obtained in formula (8), the coverage factor is selected according to the desired confidence level for the expanded uncertainty:
Numerical example
Considering the following environmental condition values and their respective standard uncertainties and degrees of freedom, the air density can be evaluated:
Fifty degrees of freedom were estimated for the fitting error of formula, corresponding to a 90% level of confidence according to [4] .
Introducing these values for the environmental conditions into formulae (1)- (5), the air density is obtained as
Evaluating the sensitivity coefficients, the following values are obtained:
Once the sensitivity coefficients and the standard uncertainties of input quantities were obtained, their values were introduced into formula (6) to evaluate the air density uncertainty as
The evaluation of degrees of freedom is ν eff = 452. With this value, the coverage factor is selected in order to expand the confidence interval of the uncertainty to approximately 95.45% (k ∼ = 1.97):
Correlation between input quantities
Input quantities could be correlated by a common traceability origin, but in some cases the correlation could be due to physical relationships. In section 3 the parameters pressure, temperature and dew point temperature have been considered uncorrelated. This situation is usual for laboratories where the automatic control of the environmental conditions (temperature and humidity mainly) reduces the physical correlation that does exist between the pressure, temperature and volume of the air, as well as the rest of the gases. In some special cases, it is possible to assume a correlation between them, for example for air density determinations inside sealed chambers (often used for high accuracy mass determination), where the air density is constant 1 , and the input quantities inside the chamber remain correlated.
For the numerical example of section 3, let us assume for the correlation coefficients between the environmental conditions values as r(T , p) = 0.9, r(T , T dp ) = −0.2 and r(p, T dp ) = 0.2. The standard uncertainties of this example were evaluated as the combination of type A and type B contributions; however, type A contributions were considered dominant (see section 8); then substituting these values in the correlation term of the combined uncertainty, the next value is obtained:
this value (10) is combined with the contributions that were evaluated earlier to calculate a new value for the standard uncertainty of the air density,
The result for the above example shows a decrease of 0.000 16 kg m −3 with respect to the value of uncertainty without correlations. This reduction means approximately 59% of the difference between both uncertainties. In this case, a reduction of the uncertainty when the correlation is taken into account appears because the product of sensitivity coefficients with the correlation factors results with a negative sign that reduces the standard uncertainty of the air density.
Higher order terms in the Taylor series expansion
The GUM states that when the nonlinearity of the model is significant; in the CIPM 81/91 formula for air density, the higher-order terms in the Taylor series expansion must be included in the expression of the combined standard uncertainty (u ρ ). The GUM also states that, when the distribution of each variable is symmetrical about its mean, the most important terms of next highest order must be added to the terms in the equation as shown in formula (11). Application of this to the numerical example of section 3 gives the next value:
The last component, combined with the rest of the contributions (except the correlation contribution), results in the value u ρ = 0.000 27 kg m . This result does not show a significant difference against the standard uncertainty evaluated without term (11), which means that the nonlinearity of the mathematical model is negligible. 
Evaluation of the air density uncertainty by a numerical simulation method (Monte Carlo simulation)
In order to validate the uncertainty evaluation by the GUM method of the air density, especially for the nonlinearity of the mathematical model, the air density uncertainty was evaluated by the Monte Carlo simulation (MCS) [5] using the CIPM 81/91 formula as the mathematical model for the numerical simulation.
The input quantities were considered with normal probability density distribution N(µ, σ ), with the following parameters (uncorrelated): Introducing the correlation coefficients given in section 4, r(T , p) = 0.9, r(T , T dp ) = −0.2 and r(p, T dp ) = 0.2, and running the numerical simulation, it throws the following results: meanρ a = 0.950 40 kg m The numerical simulation results do not show a significant difference in relation to the results evaluated by the GUM method (considering the input quantities as uncorrelated and correlated) (see table 2). 
Experimental measures inside the sealed chamber in order to evaluate the correlation between pressure and temperature
Measurements of pressure, temperature and dew point temperature inside the sealed chamber (see figure 1) 5637 readings were taken of each input quantity. Some statistical parameters of these series of measurements and the estimated correlation coefficients between the readings of the input quantities are shown in tables 4 and 5.
Graphs of the measured values of temperature, pressure and dew point temperature are shown in figures 4-6, and the corresponding air density calculated values are shown in figure 7 .
The air density and its uncertainty can be expressed with different approaches as shown in table 6.
It can be noticed from table 6 that the third approach gives the same uncertainty value as the first approach which is considered as the best estimation. The discrepancy between approaches 2 and 1 arises due to fact that approach 2 does not take into account the randomness of the distributions of the input quantities. Approach 2, even though it does not take into account the randomness of distributions, is often used in everyday measurements. Table 4 . Statistical parameters of simultaneous measurements inside the sealed chamber. The air density values were calculated for each of the n = 5637 data and the standard deviation is evaluated as the dispersion of these 5637 air density values. The standard deviation of the mean is evaluated as the standard deviation over the square root of the number of data. The standard deviation and the standard deviation of the mean concern only type A contributions without considering correlations. Air density estimated by the simultaneous measurement of T, p and T dp .
In relation to figures 4-7, it is important to remark that the measurements of pressure and dew point temperature are representative for the whole of the inside of the chamber. The measurements of temperature correspond to only one point inside the sealed chamber (where the temperature sensor Table 5 . Correlation coefficients for temperature, pressure and dew point temperature evaluated from the simultaneous series of measurements.
T dp T p T dp 1 0.31 0.36
is placed). According to this, the calculated air density corresponds to only one point inside the sealed chamber. The average air density should remain constant.
Discussion
In this particular case, the component of nonlinearity of the CIPM formula does not affect the standard uncertainty of the air density (sections 5 and 6). Correlations between input quantities are avoided as much as possible when making measurements. However, there are many measurements that have correlated input quantities and it is difficult to control these factors and impossible to eliminate them. For air density uncertainty evaluation, the standard uncertainty of the input quantities (T , p and T dp ) should be evaluated at least from the following contributions:
• type B contribution, calibration uncertainty (usually, this uncertainty includes the resolution contribution) • type A contribution, dispersion of readings.
The correlation between input quantities discussed in sections 4 and 7 for sealed chambers affects only the type A contribution for each input quantity, because the correlation does not apply for the type B contribution.
If the type A contribution (for correlated quantities) is smaller than the type B contribution, then the effect of the correlation is negligible, but if the type A contribution is equal or larger than the type B contribution, then the effect of the correlation on the standard uncertainty of the air density is significant. A possibility for the appearance of the latter situation is when there exists large variation of temperature outside the sealed chamber. This temperature variation outside the sealed chamber produces temperature and pressure variations inside the sealed chamber. The Welch-Satterthwaite formula is presented in the GUM for measurements that have uncorrelated variables and when the nonlinearity of the mathematical model is not significant. However, it could be understood that if contributions of the terms due to the correlation between input quantities and nonlinearity of the mathematical model have significant values for the standard uncertainty, they must be included into the degrees of freedom evaluation in order to have a good estimation of the confidence interval of the measurement result. It should be recognized that no degrees of freedom were taken into account when dealing with the correlation of input quantities.
The correlation factors used in sections 4 and 6 are hypothetical. The correlation factors shown in section 7 were estimated for a specific place and time period inside the sealed chamber.
Picard et al [6] and Park et al [7] have presented evidence for a new value of the mole fraction of argon in air, which could change the calculated value of M a and therefore the calculation of ρ a . The relative difference between the new calculations of M a and ρ a is about 6.4 × 10 −5 evaluated with a relative standard uncertainty of 1.2 × 10 −5 . This change of M a added to the new CODATA value for R which has a relative uncertainty of 1.7 × 10 −6 (see http://physics.nist.gov/cuu/Constants/index.html) may reduce the relative uncertainty of the air density formula itself to about 1.2 × 10 −5 , and therefore the contribution to the air density uncertainty due to the correlation between temperature and pressure (specially for sealed chambers) may become significant.
Conclusions
For future evaluations of air density uncertainty, sufficiently similar to those treated here, it will not be necessary to include the component due to higher order terms in Taylor series expansion for air density uncertainty evaluations because the contribution is negligible (the nonlinearity of the mathematical model is not significant.)
In a sealed chamber, the component due to the correlation between input quantities should be considered in air density calculations because there are correlations between environmental parameters such as T and p. The correlation factors should be characterized for each particular case and period of time, and once the correlation is present, its effect tends to modify the air density uncertainty. This effect will be more significant for air density calculations using formula (1) if the uncertainty of the formula itself is decreased.
Where degrees of freedom estimation are concerned, there is still much work to be done, especially in the evaluation of the contributions of the input quantities correlation and the nonlinearity of the mathematical model.
